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So, today we explore the truly astounding emergent complexity inherent in even simple non-linear
dynamical systems.
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So, today:

(1) A reminder of the van der Pol oscillator - a small non-linear system that
illustrates analysis of stability, limit cycle oscillations, and bifurcation.

(2) Concepts of local linearization and formal analyses of stability and
bifurcation. Examples in the classic van der Pol oscillator, the Fitzhigh-
Nagumo model, and perhaps a higher order system.



The general solution to second-order linear system...
T = ax + by J/ a bl [+
j—cwsdy ¥ |y " [e d| |y

X = AX given X ...avector of initial conditions

!

X('/,) = eAt X0

b

...where A is the characteristic matrix. It's
properties control all behaviors of the
system



Properties of the characteristic matrix...

A_('a b’] r=trace(A)=a+d,
\¢c d) A=det(A)=ad-bc.

v

A= %(t +7° - 4‘&:

...the eigenvalues of A are completely determined by
the trace and determinant...



System behaviors: the second order linear case

A= : 3 Au=«}(t:tVt2-4A)
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...stability is determined by the real part
of the eigenvalue...



Seeing behaviors: the linear harmonic oscillator

m - -

We know how to analyze the behavior....right?



Seeing behaviors: the linear harmonic oscillator

m - -

Eigenvalues are pure imaginary....so centers!




Seeing behaviors: the linear harmonic oscillator
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Eigenvalues are pure imaginary....so centers!

And...remember the system nullclines, which help
us sketch the behavior in the phase space...




A non-linear oscillator...

S——

l X + r.(rz. VX 4+ ~‘-‘OI Cla van &y o\ .mu,c,)
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Here is the non-linearity....with mu controlling the
degree of non-linearity.




A non-linear oscillator...
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Re-writing the equations in a
more intuitive way....



A non-linear oscillator...

S——

l )-{ + ,A(r‘. \)!‘t -+ Y ~‘-‘OI Cda vaudor Mo\ .u.ll.c.)

N

L9 - Ex Fialz 5o -x

; »[n J . where w: » +rq*)
g - =X =

1" F 4e 2

Now, we compute fixed points and nullclines and
sketch the behavior in the x, y space....



A non-linear oscillator...

 O——
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Fixed point at origin. At any non-zero (X, y) the
system has a limit cycle oscillation...




A non-linear oscillator...

S——
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Fixed point at origin. At any non-zero (X, y) the
system has a limit cycle oscillation...

v

A closed orbit that another trajectory
spirals into as time goes to infinity...




A non-linear oscillator...

 O——
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The limit cycle shows the property of a large
divergence of time scales....
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A non-linear oscillator...

 O——
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A non-linear oscillator...

Ic1 b '4 An electrical circuit implementation of the van der Pol oscillator...




A non-linear oscillator...

Ic1 b '%* An electrical circuit implementation of the van der Pol oscillator...

NH a network of elementary passive and active components




A non-linear oscillator...

Vei
IL Ic1 -+ 'R* An electrical circuit implementation of the van der Pol oscillator...
o=l —(—
Ly = Ci== Vg
-~
NH a network of elementary passive and active components
¢ things that use but do not produce energy

AV = Ri (resistor)
dV

= ('— (capacitor)
dl

AV =L d—l (inductor)
dt



A non-linear oscillator...

Ic1 b 'R* An electrical circuit implementation of the van der Pol oscillator...

NH a network of elementary passive and active components
voltage and current
sources




A non-linear oscillator...

Ic1 b 'Rl An electrical circuit implementation of the van der Pol oscillator...

here, there is also a non-linear resistor...with a cubic response function

1

. 7 \ ’ q
ir(vc1) = (aver + b'”(';'l)ﬁ




A non-linear oscillator...

iLl ic,‘im . ay

~ —
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Based on Kirchhoff’s voltage law...

diy _dicy _ dig
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iL -+ iCl —7:“ =10 , Or....



A non-linear oscillator...
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Based on Kirchhoff’s voltage law...
.
L=< C, = /v
1 .j 1 C1 7:L+7:Cl""7:l£=0 , Or....
_ NH diy, + dicn  dig 0
di dt  dt
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+C— + ———= =0
dt avepy di

Ve

Ly




A non-linear oscillator...

Ve

iL ICII -+ |:J
Based on Kirchhoff’s voltage law...
.
L=< C, = /v
1 .j 1 C1 7:L+i(}l—'7:l£=0 , Or....
_ NH diy, + dicn  dig 0
di dt  dt
. 2

d“v s dip dve
+Ci—7+ 7 —— =0
dt avepy di

v

because of the chain rule...

Ve

Ly

diig(ver))  dig dven
dt dvcy  di




A non-linear oscillator...

Based on Kirchhoff’s voltage law...

?:L -+ i(,'l —iu =10 , Or....

di dic di
L 4 4K 1 'u ~0
i it at

.2 .
a1 dip dve

+ C4 ‘:.'l'f' ‘n .“l=0
dt avepy di

y

we can simplify this using our basic voltage
equation for the non-linear resistor...

U7

Ly

1

] R('t-’(j]i:l = (i(,l'b‘c.'l -+ ’.)'U?;l:'ﬁ



A non-linear oscillator...

Vi
I IG1 -+ |:{l An electrical circuit implementation of the van der Pol oscillator...
q A
Li = G Ve
-’
Ng
&
. ; “ . 1
i trlvey) = (ave + bv%l)?{
Iy »

if we choosea=1andb=1/3....




A non-linear oscillator...

Ve
IL Ic1 b '4 An electrical circuit implementation of the van der Pol oscillator...
o= —(—
Ly = Cy= v
o~
Ng
*
ir(vey) = (ave + bv?;-l)l
! L " It
. if we choose a=1and b =1/3....
. ) 1 . .1
Yo ir(ver) = (—ver + 3""(5—'1 'R

starting to look like our usual van der Pol
system...



A non-linear oscillator...

Vei
'L[ 'CII b 'qi An electrical circuit implementation of the van der Pol oscillator...
o= —(—
Ly = Cy= v
o~
Ng
*
ir(ve1) = (aver + 5'02:'1}'1
! L " It
. if we choose a=1and b =1/3....
Yo ir(ver) = (—vor + 3vé) 3

and, taking the derivative....
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A non-linear oscillator...

Vi
d et . i
Based on Kirchhoff’s voltage law...
L, < C,=—vV
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this is the differential equation that
controls our system...



A non-linear oscillator...
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And now for a little magic. | will re-scale
time so that p
r =

Vv I/] (_:]



A non-linear oscillator...
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A non-linear oscillator...

Vi1
iL[ o .
~ 1
Ly = Cy= v
-
L

.. 7 -
e — el — vin Yo +wen — 0, where... ¢ =

Remember the basic van der Pol oscillator equation?




A non-linear oscillator...

Remember the basic van der Pol oscillator equation?

 S———

; -+ ,A(fz- \)x‘ -+ tOI




A non-linear oscillator...
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...the actual implementation of our non-linear resistor element,
with appropriate choices of R1-R5 to get a=1, b=1/3, and the
effective net resistance to be R



A non-linear oscillator...

Vi1
iL[ o .
~ 1
Ly = Cy= v
-
L

.. 7 -
e — el — vin Yo +wen — 0, where... ¢ =

now...let’s carry out stability and bifurcation analysis of this
system




A non-linear oscillator...

Ve
' : l e 2y . 1 Ll
I IG1 + 'R Ve — e(l — Ve JUen + Yen — 0 ,where... ¢ = — .
' ; Vo
—~ . .
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e
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- &=y
. y=¢€-y(1—x2%) —x

again, a re-writing of our equation to represent the phase
space...and we know the fixed point:
(z*,y7) = (0,0).

To study the stability of the fixed point, we carry out a
local linearization...and then look at the flow.



A general non-linear system...

r= f(x,vy) : , :
J(x.. and letssay f(x* y*)=0, glx* y*)=0.
_'r =gx,y)



A general non-linear system...

x= f(x,v) , ok b . .
and letssay f(x* yv*) =0, 2(x*,

\ =glxy) l

that is, (x*,y*) is a fixed point




A general non-linear system...

f= fx,v)

v=g(x,y)

(e Y

and letssay f(x* v*) =0, g(x*,y*)=0.

Now, we introduce a disturbance around the fixed point....

L

UH=X=XT, V=YY



A general non-linear system...

x= f(x,v)

and letssay f(x* yv*)=0, glx* y*)=0.
y=g(x,y)

Now, we introduce a disturbance around the fixed point....
U=x-x%, ":.\,'—_\,r“'
To see if the disturbance grows or not, we look at the derivatives...
=x (since x * is a constant)
= fx¥4u, y* +v) (by substitution)
= f(x*, y*) 4+ u—+v—+ O ,v’,uv) (Taylor series expansion)

ox o
(y. 'y y ) R - .
=U—+V l + O, v, uv) (since f(x*,v*)=0).

ax

Similar thing for the disturbance v....



A general non-linear system...

f= fx,v)

= p(x,y)

and letssay f(x* v*) =0, gx* y*)=0.

Now, we introduce a disturbance around the fixed point....

U=x=-x%, v=y
To see if the disturbance grows or not, we look at the derivatives...

. N o ~ 3 3
U=y—tyv=—tC" v, uv)
X '
og g .. 5
V=i — vV 8 FO(UT, v uv).
X av

...and in matrix form,



A general non-linear system...

x= f(x,y) " . . .
' and let'ssay f(x* yv*) =0, g(x* y*)=0.

p=g(x,y)

Now, we introduce a disturbance around the fixed point....

U=x=-x%, V=V y?

To see if the disturbance grows or not, we look at the derivatives...

7 | 7 | \
u e < 2]
=|* o " '
=|2 + quadratic terms.

...and ignoring the quadratic and higher
order terms, since they are tiny....



A general non-linear system...

f= fx,v)

\ =gx,y)

and letssay f(x* v*) =0, gx* y*)=0.

Now, we introduce a disturbance around the fixed point....

L

UH=X=XT, V=YY

To see if the disturbance grows or not, we look at the derivatives...

of )

u B y -3 r u
o B .
v r 7 7 V

...this is the locally linearized form of our
general non-linear system...



A general non-linear system...

x= f(x,y)

y=g(x,y)

and letssay f(x* v*) =0, g(x*,y*)=0.

Now, we introduce a disturbance around the fixed point....
' ¥

U=x=-x%, ERTR

To see if the disturbance grows or not, we look at the derivatives...

: o o
u B ® & u
] & & |,
! r 7 y 7 V

K2

this matrix is called the Jacobian, and evaluated at the
fixed point (x*,y*), tells us about the flow of the system in
the local environment...



A general non-linear system...

x= f(x,y)

y=g(x,y)

and letssay f(x* v*) =0, g(x*,y*)=0.

Now, we introduce a disturbance around the fixed point....
' ¥

U=x=-x%, ERTR

To see if the disturbance grows or not, we look at the derivatives...

: o o
u B ® & u
] & & |,
! r 7 y 7 V

2

the Jacobian. In this form, this matrix is just like the
characteristic matrix for a linear system, right? So, we
know how to analyze its behavior...



A non-linear oscillator...

Vei
i | i i (1 — w2 Ve verp — O, where 1 jdn
L C1 + R ve — el — vy ) + ten : €= 3 c,
o~ 1 .

L| :(* C1 —T1— V(i1 lm = Lo, Y = ten
e
N
- &=y
! y=e-y(l-2°) -2

At the fixed point.... (z*,y") = (0,0).

=G

And what are the eigenvalues? Remember that stability is
about the sign of the real part of the system eigenvalues...

Ay=4ltEVT -4A



A non-linear oscillator...

Ve
i oy . ik 2 Ve e — 1 [T
L C1 o+ ] Ve — C(l — Ve 1T — Ue 0 , Where... ¢ = E’ C
vV O
= 1 .
L| :(* C1 —— VCI lx = oYy = tn
»;
Ng
- &=y
)\ y=¢€-y(1—x2%) —x

At the fixed point.... (z*,y") = (0,0).

=G

The trace of the Jacobian is epsilon, and so the system is
stable for negative values and unstable for positive...



A non-linear oscillator...

Ve
| | | l 3, . W1 1 Ll
L C1 -+ 1 Ve — e(l — Ve JUen + Yen — 0 ,where... ¢ = — -
—~ . .

L1 : C1 —T1— V01 l L =tcnYy = e
o~
Ng
- &=y
. y=¢€-y(1—x2%) —x

At the fixed point.... (z*,y") = (0,0).

=G

So, for a van der Pol oscillator, the system loses stability at ¢ — ()
the place where the real part of the system eigenvalues go from
negative to positive....such an event is called a Hopf bifurcation



A non-linear oscillator...
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Vi
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Ve — E(l - b}'] :I‘L-'(_'n 4+ v = 0 ,where... ¢




A non-linear oscillator...

The neuronal action potential...a slight variation on the van der Pol oscillator...

+4U

0

Vokage (mV)

re [Tveshold




14U

Vokage (mV)

A non-linear oscillator...

0

ar [Thveshold

ng stoe

Fitzhugh-Nagumo (1962)

oranepot S : +1

membrane po —_— =y —— W
dt 3
dw 1

slow K+ flux — _b
dr T(v+a w)

this is essentially the van der Pol oscillator,
with one difference....



A non-linear oscillator...

membrane pot

slow K+ flux

dv

di
dw

dr

the linear term to the w nulicline provides
for thresholded oscillation....
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A non-linear oscillator...
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the linear term to the w nulicline provides for thresholded
oscillation....a stable fixed point destabilized to produce
relaxation oscillations. We will look at this more closely next
time...



Next, we will further analyze the simple non-linear oscillator systems...
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adapted from S. Strogatz



