Lecture 9: A simple non-linear dynamical system

R. Ranganathan
Green Center for Systems Biology, ND11.120E

Making an irreversible all-or-nothing biological switch....a basic study of small non-
linear system

Joseph-Louis LaGrange Henri Poincare Jim Ferrell
1736 - 1813 1854 - 1912 ?



So, to make a direct contrast with our recent lecture, today we explore the non-trivial emergent

properties of non-linear dynamical systems.
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So, we will have several examples of non-linear dynamical systems in biology,
small to large:

(1) the all-or-nothing, irreversible MAPK switch (Jim Ferrell, Stanford)

(2) the van der Pol oscillator and the action potential (Fitzhugh-Nagumo, NIH
and ?)

(3) the quantum bump in invertebrate vision (RR, Alain Pumir, and Boris Shraiman,
CNRS and UCSB)

(4) the problem of proteins (RR)



With that, let’s look at a very simple first-order non-linear differential equation
system...

Jim Ferrell

As you will see, this system exhibits bistability and extreme hysteresis....

properties that fundamentally emerge from the non-linearity.

But. first, what do these words mean?



First,....let's consider monostability in a biological setting
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Now....Bistability
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Now....Bistability
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Now....Bistability
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Xenopus oocyte maturation...our model system for today

Xenopus laevis...the south-african the oocytes...G2 phase arrested
clawed frog
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Xenopus oocyte maturation...our model system for today

P\qmwl.)oc .( P'Fa qu *

® m‘\ﬂ-"h N aw s“-w-ho'“aws) M 6 A oo G c.dhav
or dow el wafine . Thar 13 ne mhrmedils’ shet -

@ w&u&a (W&UM-"M % \MM;“. rmm( e
k
Ouytu t kpm (n‘o(o Covmpil bman b Kooo,&.t
wiabhomlion Remen. | -‘ chwmelus dots v d conse de -
Mahombonm , wo wefor bhew Gm:yu weif .

@ Sub ~teshdd de Q horowu o\ vaver Camte ooo,fc
maboation [ vo wailr Lo wg A4 ppled.

J.E. Ferrell and E.M. Machleder, Science (1998), 280: 895-8



Xenopus oocyte maturation...our model system for today

P\\lmwlo)cf. .( w h‘g H

@ mehrehon © an c“-w-ho'“um) roamn . Av ool ecdlin
o dowo nel wutine . Thaw 3 we whor mededls " sheb obsey il

@ \vau&-. tn..&\m"’w. % lmm‘ﬁa. rmm( e
pavs {
(mytu G k"k‘*‘* (nc‘oﬁt Covmp il bmen Kooo,&.t,
wiabhomlion Remen. | -‘ chwmelus dots v d conse de-
"‘MW, vwo wefor b 'nm:y.- weif .

@ Sub ~teshdd de { W o\ vaver Camte °o¢7t¢
maboation [ vo wailr Lo wg A4 ppled.

Wt o thee  wmply 7

Tant “w o swidel-Qle nw‘{. pnacstnn cmcambmbon | omd oage
W, Tt Sl lods & o shtle an-dh b et pursnty.

‘:—P swhl il «lwme \nynmvs.j

v

J.E. Ferrell and E.M. Machleder, Science (1998), 280: 895-8



Ok, so what is the molecular biology underlying these phenomena?
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Ok, so what is the molecular biology underlying these phenomena?
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The Rate-Balance Plot...a clever graphical technique
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The Rate-Balance Plot...a clever graphical technique
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The Rate-Balance Plot...a clever graphical technique
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Analysis of the Michaelean response....
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Now, linear positive feedback...
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Now, linear positive feedback...

Let’s consider the shape of the forward and back rates...
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Now, linear positive feedback...
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Now, linear positive feedback...
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Now, linear positive feedback...
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How can we “fix” the instability of the off-
state? Well....

J.E. Ferrell and W. Xiong, Chaos (2001), 11: 227-236



Now, linear positive feedback...
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We can lower the feedback rate constant k2 ...

J.E. Ferrell and W. Xiong, Chaos (2001), 11: 227-236



Now, linear positive feedback...
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We can lower the feedback rate constant
k2 ...but what happened? The on-state
disappeared!

J.E. Ferrell and W. Xiong, Chaos (2001), 11: 227-236



Now, linear positive feedback...
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Ultrasensitive positive feedback...
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Ultrasensitive positive feedback...
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By the way, how can one make ultrasensitive
feedback, molecularly?

J.E. Ferrell and W. Xiong, Chaos (2001), 11: 227-236



Ultrasensitive positive feedback...
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And...again we look at the system with no
stimulus (i.e. [S] = 0)...

J.E. Ferrell and W. Xiong, Chaos (2001), 11: 227-236



Ultrasensitive positive feedback...
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How many steady states?

J.E. Ferrell and W. Xiong, Chaos (2001), 11: 227-236



Ultrasensitive positive feedback...
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Ultrasensitive positive feedback...
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Ultrasensitive positive feedback...
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Ultrasensitive positive feedback...

@ Back veechun sabunBom :

3

A '.ﬁ_.‘.w\hq Se ... hwwee (og.Tw (4«“-‘,
T ‘\f whiace . hu‘ a ;:‘.(;.

t«u“ﬁ, witk AY.

J.E. Ferrell and W. Xiong, Chaos (2001), 11: 227-236



Ultrasensitive positive feedback...
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Getting over the threshold....
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Getting over the threshold....
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And now, we have an irreversible,
bistable switch...

J.E. Ferrell and W. Xiong, Chaos (2001), 11: 227-236



Getting over the threshold....
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Hysteresis is interesting...it's a way of the
cell “remembering” some history of
events.

J.E. Ferrell and W. Xiong, Chaos (2001), 11: 227-236



Xenopus oocyte maturation...so this is now it works in fact
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An ultrasensitive positive feedback in the MAP-kinase cascade
underlies the all-or-nothing, irreversible, switch-like
characteristics of oocyte maturation.

Fundamentally due to the non-linearity introduced by the feedback
system.



Next, we will consider the van der Pol oscillator and the FitzHugh-Nagumo model for the action
potential in detail.

n=1

n=2or3

n>>1

continuum

Linear

Nonlinear

exponential growth
and decay

single step
conformational
change

fluorescence
emission

pseudo first order
kinetics

fixed points

bifurcations, multi
stability

irreversible
hysteresis

overdamped
oscillators

second order
reaction kinetics

linear harmonic
oscillators

simple feedback
control

sequences of
conformational
change

electrical circuits

molecular dynamics

systems of coupled

harmonic oscillators

equilibrium
thermodynamics

diffraction, Fourier
transforms

Diffusion
Wave propagation

quantum
mechanics

viscoelastic
systems

anharmomic
oscillators

relaxation
oscillations

predator-prey
models

van der Pol
systems

Chaotic systems

systems of non-
linear oscillators

non-equilibrium
thermodynamics

protein structure/
function

neural networks
the cell

ecosystems

Nonlinear wave
propagation

Reaction-diffusion
in dissipative
systems

Turbulent/chaotic
flows

adapted from S. Strogatz



