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The large variable limit....the idea of apparent complexity and dimension reduction
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So... low dimensional representations of high-dimensional data

PCA...principal components analysis (also called Karhunen-Loeve transform
(KLT), Hotelling transform, eigenvalue decomposition, factor analysis,
spectral decomposition).

ICA...independent components analysis (also sometimes called blind-source
separation)



What is the problem, fundamentally?
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What is the problem, fundamentally?
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What is the problem, fundamentally?
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what is a good approach for achieving this re-parameterization?



What is the problem, fundamentally?

what is a good approach for achieving this re-parameterization?

First, what is the target goal, quantitatively?
We will see...



Hierarchical Clustering

what is a good approach for achieving this re-parameterization?

...but not a statistically rigorous method



Is there a better way?



principal components analysis, or PCA
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principal components analysis, or PCA
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principal components analysis, or PCA
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principal components analysis, or PCA
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principal components analysis, or PCA
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The two guiding principles of PCA...
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The two guiding principles of PCA...
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Variance and covariance....
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Variance and covariance....
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Variance and covariance....
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Now, this is for two vectors...



Variance and covariance....
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This is the covariance matrix for a set of variables
(here, for rows of our data matrix)



Variance and covariance....
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PCA
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PCA
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The path to finding P is eigenvalue decomposition of the covariation
matrix of X, the initial variables...



PCA
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The eigenvalue decomposition...

T

Y mf 1o

eigenvector 1
elgenvector 2

In this process, a matrix is decomposed into its eigenvalues and
associated eigenvectors....let's understand this more
closely...



Basic concepts from linear algebra...

A woldeix W ™ ovews e W o w:

L “'l * '-.“h

A: ‘.lt ‘t.__

> S“ k'% ave c\cm‘s J A .

Ao .

A n\:m wa it s o b wtl ar.( rowley -(ms.-u\ cols .
“Sgmme The order o‘* S‘uo‘ wibi'z s R ne. t vy (oo to(mos\ .




Basic concepts from linear algebra...
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Basic concepts from linear algebra...

e ax sowe “"\“‘“‘\ propen Kun ‘{ ke detorwmants - 6F mend i
Nus new Ak 4 B ded(A) £0, New A e osad tk_'
m.sws.l-v oI se, Anew Mheve exals an wvew madv i A

PO W \ R

AAeT |

1 T \‘u‘\ﬁ wbere

1. kf’
. ‘1

S0 -+ datcrmmels ave wlub@ 3w “101 Bl va «bed T w-wl‘\‘u(t)
* wo\f mbu\ B



o m.?' ww’ ¢ 1uenvec ovs

bd A e - ﬁr‘.w w0 x (‘*‘) . A Viuwber s aw Q‘:cuw\ﬂ
&A § B evals & ame2em weeter v osucl Tk

XTI Y

TS e, fen 3 - ku on e.§=~.«\w % A cmtfd"u
B A,

(m!u*‘mﬂ\w tv‘ ﬁ.vach H




So
- 5 3
Av « Av

rewnta s

[(a->)30)

N \7 . w‘ns Mo o?stv» deur Iw
ke twwerlilele.

Now... we w* o Won

Mis o A wedoin (A-)l) wud wet



Seo .. 2 N
Av «: Av

ftwh -0

T(A- a1)v:o ‘

3 Bt wmbes i .‘,..t... deas . In
le vwveetiale.

Now... we wenl o wow-2evs
Mis o A wedoin (A-)l) wud wet

Wey? L[ Awas e
(A->1) (A-x1)3 s (A-AT) O, oo
V:0

>0 f(or A->1) & & wom- e ole A wud be ulr'-f.

{M(\.M\ .—{\

d s,




So .. 2 J
Av « Av

rewnla o

T(A- »)v:=o \l

aen v Bt ymbe s .‘,..t.. deas . In
le cwveelilole .

Nouw... we want o vow

Mis o A wedoin (A-)l) wus wet
W? 1‘ A was "‘\\N-..

(A-n\"(A-n)i : (A-n\'o L e
-4
N:O
>0 [ur @-AI) % G wow - mvon ale ) A wodt be M.J)'ﬂ‘.
{M (A-)l\ :OJ
T equbon  pG): At (A-2T) s called Aha “chewmclondhe

fd]"‘”."‘\. 1 A, awd '"ruu(ull ﬂ A aw .\“‘\
M vals o Bis golymamial ... veluas o 3 whee

'.‘YMQQ‘ sﬂ /-] 2ev

d s,




Let’s do a calculation..

A3 8]

First, we compute the eigenvalues...



Let’'s do a calculation..
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Let’s do a calculation..
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Now for the key point....
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Back to PCA...
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Back to PCA...
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Back to PCA...
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Back to PCA...
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Back to PCA...
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Summary of PCA...

Given an initial (non-optimal) parameterization of our system....
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Summary of PCA...
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Summary of PCA...
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Example from “econophysics”...a rational investment strategy for optimizing return

The idea is to understand the natural breakdown of the economy by looking at how stocks
are correlated in their market performance....

CVX . XOM

Pilereu et al. (2002), Physical Review E 65, 066126
Laloux et al. (1999), PRL 83, p. 1467
Pilereu et al. (1999), PRL 83, p. 1471



An analogy from economics

To understand the natural breakdown of the
economy by the statistics of stock market
performance....

(1) Make a covariance matrix for the
performance of a bunch of stocks over a time
window (here, 7 years from the S&P 500).

Now, this matrix is contaminated with two kinds of
noise.....(1) sampling noise (limited time series), and (2)
global correlations of stocks due to overall market
performance

Pilereu et al. (2002), Physical Review E 65, 066126
Laloux et al. (1999), PRL 83, p. 1467
Pilereu et al. (1999), PRL 83, p. 1471



An analogy from economics

To understand the natural breakdown of the
economy by the statistics of stock market
performance....

(1) Make a covariance matrix for a bunch of
stocks (here, from the S&P 500).

(2) Compute the so-called eigenvalues of the
covariance matrix. Each eigenvalue
represents a collection of stocks that move
together in the market.

Pilereu et al. (2002), Physical Review E 65, 066126
Laloux et al. (1999), PRL 83, p. 1467
Pilereu et al. (1999), PRL 83, p. 1471
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FIG. 4. P(») for C constructed from daily retums of 422 stocks
for the 7-yr period 1990-1996. The sold curve shows the RMT
result P..(A) of Eq. (6]) using N=422 and L=1737. The dot-
dashed curve shows a fit to P(A\) using P.(A) with A, and A_ as
free parameters. We find simular results as found n Fig. 3(a) for
30-nun retwrns. The largest eigenvalue (not shown) has the value
Aa=463.



An analogy from economics

To understand the natural breakdown of the
economy by the statistics of stock market
performance....

(1) Make a covariance matrix for a bunch of
stocks (here, from the S&P 500).

(2) Compute the so-called eigenvalues of the
covariance matrix. Each eigenvalue
represents a collection of stocks that move
together in the market.

(3) Find the “significant” eigenvalues by
making a random correlation matrix.

(4) Analyze the remaining eigenvalues....

Pilereu et al. (2002), Physical Review E 65, 066126
Laloux et al. (1999), PRL 83, p. 1467
Pilereu et al. (1999), PRL 83, p. 1471
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FIG. 4. P(») for C constructed from daily retums of 422 stocks
for the 7-yr period 1990-1996. The solid curve shows the RMT
result P..()) of Eq. (6]) using N=422 and L=1737. The dot-
dashed curve shows a fit to P(\) using P(h) with A, and A_ as
free parameters. We find similar results as found in Fig. 3(a) for
30-nun retwrns. The largest eigenvalue (not shown) has the value
Am=463.



Breakdown of the economy into “sectors”

Pilereu et al. (2002), Physical Review E 65, 066126
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FIG. 13. Schematic illustration of the interpretation of the eigen-
vectors corresponding to the eigenvalues that deviate from the RMT
upper bound. The dashed curve shows the RMT result of Eq. (6).



In biology....

A Systems Model of Signaling
Identifies a Molecular Basis Set for
Cytokine-Induced Apoptosis

Kevin A. Janes,’** John G. Albeck,*** Suzanne Gaudet,*?
Peter K. Sorger,’*” Douglas A. Lauffenburger,’**
Michael B. Yaffe'**+

Signal transduction pathways control cellular responses to stimuli, but it is un-
cear how molecular information is processed as a network. We constructed a
systems model of 7980 intracellular signaling events that directly links measure-
ments to 1440 response outputs associated with apoptosis. The model accurately
predicted multiple time-dependent apoptotic responses induced by a combina-
tion of the death-inducing cytokine tumor necrosis factor with the prosurvival
factors epidermal growth factor and insulin. By capturing the role of unsuspected
autocrine circuits activated by transforming growth factor-a and interleukin-1a,
the model revealed new molecular mechanisms connecting signaling to apoptosis.
The model derived two groupings of intracellular signals that constitute
fundamental dimensions (molecular "basis axes™) within the apoptotic signaling
network. Projection along these axes captures the entire measured apoptotic
network, suggesting that cell survival is determined by signaling through this
canonical basis set.

Many measurements in a cellular apoptotic signaling
network...but a small number of reactions suffice to
predict the probability of apoptosis...

Janes et al (2005), Science 310, p. 1646



Limitations and extensions of PCA...
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Limitations and extensions of PCA...
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Limitations and extensions of PCA...
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Limitations and extensions of PCA...
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Limitations and extensions of PCA...
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There is information about x2 in x1....despite decorrelation!! This is due
to the non-Gaussian nature of the distributions of variables...more than
just mean and variance required to represent the statistics...
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So, Independent Components Analysis (ICA) is an extension of PCA to find
new variables that are not just decorrelated, but truly statistically
independent.



The idea of ICA...
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The idea of ICA...
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Example... “the cocktail party problem”

Given audio recordings from some number of microphones placed randomly in the
room, how can we extract the individual conversations without knowledge of the
number of conversations or the information content of the conversations?



How can we quantitatively extract the information content in this matrix? The signal
processing method of Independent Component Analysis (ICA)

The method works by using the principle that source signals are statistically
independent of each other.



Example...discovering patterns of coevolution in protein sequence alignments
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We can make a matrix of the correlated conservation (or coevolution) of pairs
of sequence positions....



For example, in the S1A serine proteases (1470 sequences from diverse eukaryotic
organisms)
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Halabi et al., Cell (2009) 138: 774-86..



Clustering....
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PCA.....
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The basic idea is to transform the current variables (the
sequence positions) into new variables (eigenmodes)
that have two basic properties:

(1) they capture the information in a
few new dimensions as possible (i.e.
maximize variance per principal
component).

(2) they are maximally non-redundant
(i.e minimize co-variation in the
transformed variables
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Mathematically, this amounts to
computing the eigenvalues and
eigenvectors of the SCA matrix...

Av =My

Here, the eigenvalues represent the
quantity of variance captured in each
new dimension, and each associated
eigenvector contains the weights of
each of the original sequence
positions.



SCA matrix eigenvalues




The eigenvalue spectrum
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The eigenvalue spectrum...and its random matrix counterpart
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An analogy from economics
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FIG. 4. P(») for C constructed from daily retums of 422 stocks
for the 7-yr period 1990-1996. The solid curve shows the RMT
result P..(A) of Eq. (6]) using N=422 and L=1737. The dot-
dashed curve shows a fit to P(A\) using P.(A) with A, and A_ as
free parameters. We find simular results as found n Fig. 3(a) for
30-nun retwrns. The largest eigenvalue (not shown) has the value
Aa=463.



The top three eigenvectors....
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As we know ad nauseum, eigenvectors need not
represent maximally independent directions....



ICA...
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ICA provides a “better” representation of quasi-

independent modes.



Another example....
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ICA provides a “better” representation of quasi-
independent modes. We will come back to this
later....



The large variable limit....linear decomposition methods

n=1

n=2or3

n>>1

continuum

Linear

Nonlinear

exponential growth
and decay

single step
conformational
change

fluorescence
emission

pseudo first order
kinetics

fixed points

bifurcations, multi
stability

irreversible
hysteresis

overdamped
oscillators

second order
reaction kinetics

linear harmonic
oscillators

simple feedback
control

sequences of
conformational
change

anharmomic
oscillators

relaxation
oscillations

predator-prey
models

van der Pol
systems

Chaotic systems

electrical circuits

molecular dynamics

systems of coupled

harmonic oscillators

equilibrium
thermodynamics

diffraction, Fourier
transforms

systems of non-
linear oscillators

non-equilibrium
thermodynamics

protein structure/
function

neural networks
the cell

ecosystems

Diffusion
Wave propagation

quantum
mechanics

viscoelastic
systems

Nonlinear wave
propagation

Reaction-diffusion
in dissipative
systems

Turbulent/chaotic
flows

adapted from S. Strogatz



