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Linear systems at the thermodynamic limit....
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First, the macroscopic view...

The observations:
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First, the macroscopic view...

The physical model:
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First, the macroscopic view...

The physical model:

“The first task would now be to deduce the basic law for
this process of diffusion from the general laws of
motion.... Indeed, one will admit that from start to finish
nothing may be more likely than this: that the spread of
a dissolved body in a solvent...proceeds according to the
same law which Fourier has established for the spread
of heat in a conductor; and which Ohm has transferred
with such splendid success to the spread of electricity.
One need only substitute in Fourier's law the words
quantity of heat with the words quantity of dissolved
body, and the word temperature with density of
solution”. (A. Fick, 1855; adapted from Agutter et al. (2001), J.
Hist. Biol. 33: 71-111)
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But the, along came Einstein in 1905....

The physical model:
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But the, along came Einstein in 1905....

The physical model:
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How does this explain the phenomenological properties of diffusion?



Does the (unbiased) random walk account for all these properties? Let’s look in 1-D....
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What are the consequences?



1. The average displacement of particles....
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First what is the position of each particle i after n steps of the walk? Well....

X(w) = A=) TH
3 L

A “stochastic iterative map”....we will come
back to this.

H.C. Berg. “Random Walks in Biology”, (1993) Princeton Press



1. The average displacement of particles....
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H.C. Berg. “Random Walks in Biology”, (1993) Princeton Press



2. How much do the particles spread out over time?
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We want the RMS displacement: /(x?(n))

First what is the squared position of each particle i after n steps? Well....
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H.C. Berg. “Random Walks in Biology”, (1993) Princeton Press



2. How much do the particles spread out over time?
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First what is the squared position of each particle i after n steps? Well....
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How much do particles spread out over time?

- D —— Each step takes T seconds, distance
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We want the RMS displacement: /(x?(n))
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How much do particles spread out over time?
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We want the RMS displacement: /(x?(n))
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H.C. Berg. “Random Walks in Biology”, (1993) Princeton Press



How much do particles spread out over time?
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We want the RMS displacement: /(x?(n))

We need to change n into time....

Now trwmlT 3.
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But...we want the RMS displacement,
SO....

H.C. Berg. “Random Walks in Biology”, (1993) Princeton Press



How much do particles spread out over time?
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We want the RMS displacement: /(x?(n))

We need to change n into time....

Now trwml 3.
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Thus, the particles spread out as the
square root of time... /

H.C. Berg. “Random Walks in Biology”, (1993) Princeton Press



3. What about the shape of the distribution of particles?
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Think about coin tossing....

H.C. Berg. “Random Walks in Biology”, (1993) Princeton Press



What about the shape of the distribution of particles?
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This is the binomial density function
again,....

H.C. Berg. “Random Walks in Biology”, (1993) Princeton Press



What about the shape of the distribution of particles?
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What about the shape of the distribution of particles?
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But if the number of trials is very large
and p is not too small.....

H.C. Berg. “Random Walks in Biology”, (1993) Princeton Press



What about the shape of the distribution of particles?

But if the number of trials is very large and p is not too small.....the
binomial distribution approaches the Gaussian distribution. The /

bell shaped curve!
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H.C. Berg. “Random Walks in Biology”, (1993) Princeton Press



So the random walk does indeed account for the motion of particles...
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A seminal example of how simple physical theory (the
random walk) can explain the rather complex behavior
of particles moving under thermal agitation...



So the random walk does indeed account for the motion of particles...
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But, what happened to good old Fick’s Law, which does
indeed also account for the properties of diffusion?
Well, it works and it still works with this new
understanding....



The relationship of the random walk (the microscopic view) to Fick’s first law (the
macroscopic view).
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Now, how do we write the flux of particles going from X to
xX+0x ?



The relationship of the random walk (the microscopic view) to Fick’s first law (the
macroscopic view).
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The relationship of the random walk (the microscopic view) to Fick’s first law (the
macroscopic view).
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The relationship of the random walk (the microscopic view) to Fick’s first law (the
macroscopic view).
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The physical model:

One need only substitute in Fourier’s law the words
quantity of heat with the words quantity of dissolved
body, and the word temperature with density of
solution”. (A. Fick, 1855; adapted from Agutter et al. (2001), J.
Hist. Biol. 33: 71-111)
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So, Fick’'s mapping of diffusion to Fourier’s or Ampere’s
Laws of heat conduction and current flow is correct.

But what kind of force is a concentration gradient?



Now....the thermodynamic basis for diffusion.
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To understand this, we begin with some definitions
and some review of thermodynamics....



Now....the thermodynamic basis for diffusion.
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Now....the thermodynamic basis for diffusion.

where the gradient operator is defined as....



Now....the thermodynamic basis for diffusion.




Now....some basic laws of thermodynamics.
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free energy is a function of a number of so-called
“natural variables”...



Now....some basic laws of thermodynamics.
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and the derivative of free energy involves taking
partial derivatives of the function G with respect
to these natural variables...

so what are there partial derivatives? They have key
physical interpretations...



Now....some basic laws of thermodynamics.
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energy....the basic equation of
equilibrium thermodynamics.
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Ok, with this, let’'s go back to our problem of diffusion....
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Ok, with this, let’'s go back to our problem of diffusion....
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Ok, with this, let’'s go back to our problem of diffusion....
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Ok, with this, let’'s go back to our problem of diffusion....

6
a4
I -

Vs -:2{:; 3 ){% ~-‘.“ }f:
a 1 YA
(2001 (3 B)- R (R GR)

T (D
() (08 - LG

5o

O dov Y0 | T wail Ge o won2em spahal gediet
o\ drree tvm»’-
@ H V,.:o (\»(Jv-\\-l &-v‘m) . owd r&{.o few
o;\l 3(.\"00\ SMm;'A 1&1’« Mﬁ’ v it k o.



Ok, with this, let’'s go back to our problem of diffusion....
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....and one more step get’s us to back to Fick’s law....



Ok, with this, let’'s go back to our problem of diffusion....
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One important point here....



Ok, with this, let’'s go back to our problem of diffusion....
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Ok, with this, let’'s go back to our problem of diffusion....

28
™ e
N s

t )| @@ T
b“ \T,' 3\\1.

For an tdeal e solu B . Dad ave T (v'“\s‘e"c ot ooy
e el petenthal ?

Se... " cvenw ™ PLIRVT | 'Jo-:s\ c‘nlw-“ (or comcombuRon
gredied ) s welar enbopy oot . Te flew
"M down » ('M.Ob"\‘\u ’n‘cu‘ s Y MK‘*"
ok« wyplew uc\t"w' a condihon ‘ wha MUY Qnm .



Fick’s Second Law....The Diffusion Equation
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Fick’s Second Law....The Diffusion Equation
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To understand this, we return to our 1D diffusion
problem....



Fick’s Second Law....The Diffusion Equation
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Fick’s Second Law....The Diffusion Equation
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Fick’s Second Law....The Diffusion Equation
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Taking the limits as both tau and delta approach
Zero...



Fick’s Second Law....The Diffusion Equation
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Fick’s Second Law....The Diffusion Equation
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Fick’s Second Law....The Diffusion Equation
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Fick’s Second Law....The Diffusion Equation
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Fick’s Second Law....The Diffusion Equation
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Fick’s Second Law....The Diffusion Equation
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Fick’s Second Law....The Diffusion Equation
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Fick’s Second Law....The Diffusion Equation

-\o : =
>t = ODVC F.g\&.dw.mr‘l\,."'“
called Hao .L.‘“;w -c?..r...\

Fwocuvr\c. & T [\ s PR R R 8 o A DR

st tsa awd ¥IO ... o
e )
R

ksom...@f-vk(u " vouluw on awreg

DA spatinl dideolem w o bel- \"'Y"' cweve for
all hwes , ond

@M ,'nd $ o\t ualan QMN‘* 8‘“ M*t**‘“.

-6
C“ &“.x (03 LYY Cﬁ"" \-“0) Comn vl \sr‘ ™ 1“

D T R o A e s Iy D e

1
aw .

Dn“um'-s .:!:o_ o ‘l«m Arhwmnces . ..



Fick’s Second Law....The Diffusion Equation
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One can solve higher dimensional versions of the diffusion equation...in general
many complex phenomena can be explained by solutions to this equation.
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Next time...the theory of diffraction
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adapted from S. Strogatz



